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OPTIMUM FLIGHT PATHS OF TURBOJET AIRCRAFT¥

By Angelo Miele
SUMMARY

The c¢limb of turbojet aircraft is anslyzed end discussed including
the accelerations. Three partlcular flight performances are examined:
minimum time of climb, climb with minimum fuel consumption, and steepest
climb,

The theoretical results cbtained from a previous study axe put in a
form that is sulteble for application on the following simplifying assump-
tions: The Mach number is considered as independent variable instead of
the velocity; the variations of the sirplene mass due to fuel consumption
are disregarded; the alrplane polar is assumed to be parabolic; the path
curvatures and the squares of the path angles are disregarded in the pro-
Jection of the equation of motion on the normal to the path; lastly, an
ideal turbojet with performsnce independent of the velocity is involved.

The optimum Mach number for each flight condition is cbtained from
the solution of a sixth order equation in which the coefficlents are
functions of two fundamental parameters: +the ratio of minimum drag in

level flight to the thrust and the Mach nunber which represents the flight

at constant altitude and maximum lift-drag ratio.

Diagrams for a quick calculation of the optimum Mach numbers and the
effect of accelerations on the rate of climb in tropospheric and strato-
spheric flight are given.

The critical discussion of the effect of the basic assumptions is
followed by the suggestion of a method for taking into account the depend-
ence of the bturbojet performence from the velocity and the variations of
the airplane mass due to fuel consumption.

The study is concluded with a numerical example which shows the
unusual advantages accruing from the new flight technique when the climb
is pushed to neasr ceiling level.

*¥"Prajettorie Ottime Di Volo Degli Aeroplani Azionati Da Turbo-
reattori.” I.'Aerotecnica, n. 4, vol. XXXITI, 1952, pp. 206-219.
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- SYMBOLS

velocity of sound, m/s

1ift coefficient

1ift coefficlent representing maximm 1ift/drag ratio

drag coefficient

drag coefficlent at zero 1lift

Oswald efficlency factor - -

maxiéhm aerodynamic efficlency

Fg = Vg /Vyy = sin 8/sin 6u acceleration factor = ratio of effective

-
M= V/a
Me = Vefa
My = Vrfa
Mg = Vg/a
N

P

1ift, kg

rates of climb to that computed with
accelerations disregerded

acceleration of gravity, 9.8066 m/se02

ratlio of specific heat at constant pressure to specific

heat at constant volume, 1.% for air . —

Mach mumber

Mach number gt maximum rate of climb with acceleratians_
disregarded

Mach number at msximum path angle computed with accelera-
tions discounted

Mach number representing horizontal flight at maximum

lift-drag ratio _
rps of turbojet

pressure, kg/m®
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R =p/pt

Rpin = Q/Emax

03]

< <« H

specific fuel consumption, kg/sec
welght of airplene, kg

constant of the air, 287.1 mPsec=2%k~1

aerodynamic resistance, kg

minimum aerodynamic resistance in straight horizontal
flight, kg

wing ares, m®
thrust, kg

speed, m/sec
speed at maximm Vg, m/sec

speed at maximm 6,, m/sec

speed of stralght horizontal flight at maximum efficiency,
m/sec

effective rate of climb, m/sec

rate of climb with accelerations disregarded, m/sec

X = Rpipn /T = Q/TEp,,  minimum drag/thrust ratio

Y

€t

ratio of optimum speed for a certain flight condition with
accelerations allowed for to the corresponding value
determined wlth accelerations discounted

altitude, m

altitude of tropopause, 10,769 m

absolute value of tempersture gradient in the troposphere,
0.0065° XK/m

error introduced In the calculastion of the speed of clinb
due to disregarded centripetal acceleration

error introduced in ‘the calculation of the speed of climb
as & result of disregarded tengential accelerstion
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error introduced in the calculation of the speed of climb

o as a result of bhaving assumed cos © = 1 in the pro-
Jection of the equation of motion on the normal to the
flight path ) = .

6 angle of effective path

84 path angle computed while disregarding the accelerations

A geometrical aspect ratio ) - . -

o} alr density, kg sec2 m"LL AR . -

o = p/po relative aif density

T agbsolute temperature, ©K i )

Subscripts:

o refers to sea level

* refers to tropopause - I

1. INTRODUCTION

A general method relating to problems of optimum in nonsteady flight
was developed and discussed in earlier reports (refs. 15 and 19). They
define the particular distributions of the velocity V = V(Z) which

i

produce the initial conditions (Vy, Zj) for prescribed final conditions . _ _

(Vo, Zp) with minimum time or minimum fuel consumption or minimum dis-
tance covered in horizontal flight. . = . —

The weight of the alrplane is assumed constant. The angle between
thrust and veloclty vectors is disregarded. The projection of the equa-~
tion of motion on the normel to the flight path is approximeted at P = Q.
For the steepest climb, the additional assumptions sin 6 = tan 6 in the
projectlion of the equation of motion on the tangent to the flight path are
accepted.

For the thrust and the fuel consumption per unit time, the analytic
expressions i '

T = (Y, Z) (1)

q q.(V; Z) (2)

are assumed.
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It is shown that the optimum distributions V = V(Z) include two
terminal paths depending on the limiting conditions and a central section
defined by '

(a) Climb with minimm time

3(Tv - RV) _ V 3(TV - RV) (3)
oV £ oz

(b) Climb with minimum fuel consumption

O [IV-RV| _V O IV -RV (%)
ov q g oZ q
(c) Steepest climb '

(T -R) _ VT - R)
> 8 & 2

In the most important £light condition (with the seme nomenclature
as used in ref. 19) , The first case (accelera.tion and clinb at low speed
and low altitude, at high speed and high’ altitude) and under the restric-
tive conditions Zy S Z S Zp, the foregoing terminal paths result in two

horizontal accelersted motions corresponding to the extreme altitudes
Zl ) Z2-

To illustrate: For the rapld climb (equation (3) is synthetically
indicated by oV, Z) = 0), the following theoretical optima in flight
are indicated:

(8) Terminal altitudes s" both tropospheric or both stratospheric
(£ig. 1-A):

(1) Accelerating at constant altitude Z3 from Vi to Vyq defined
with o(V, Z7) =0.

(2) Climb from 23 to Z, wutilizing the velocity distribution
defined by o(V, Z) = O.

(3) Accelerating at constant altitude Z, from V.

o N defined by
o(V, Zo) = 0 to final speed Vs.

( (b) )Initial tropospheric altitude and final stratospherice altitlzde.
fig. 1-B):
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(1) Accelerations st constant altitude Z; from V; to Vy defined
by o(V, z1) = O. '

(2) Climb from (Z1, VM) to (Zx, Vi) using the veloclty distribution
defined by w(V, 2) = 0.

(3) Accelerations corresponding to the tropopause from Vg to Vg.

(4} Climb from (Zx, Vg) to (Zp, Vy) using the velocity distribution
o(v, Z) =0, °

(5) Accelerations at constent altitude Zp from Vy +to final
speed Vo. )

2. TURBOJET ATRCRAFT

The values developed in the foregoing are of general charscter. In
the present paper, it is Intended to apply them to the specific case of
turbojet sircraft by transforming the data already availsble with the aid
of sultable assumptions for more convenient use.

Thrust and fuel consumption per unit time of turbojets are, in stand-
ard atmosphere, functions of the following nature: -

T

(v, Z, N) (6)
Q.(V: Z, N) (7)

V the veloclty, Z +the altitude, and N +the number of revolutions per
minute.

a

Accordingly, the velocity distributions (3), (4), and (5) produce
optimum values for the respective cases of flight, in correspondence with
each arbitrarily prescribed fumction _ - -—

N = NV, Z) (8)°
which makes it possible to reduce (6) and (7) to (1) and (2).

In accordance with ordinary operational practice, the paths flown at
constant number of revolutions are asnalyzed. Accordingly (8) is replaced by

N = constant (9)
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3. ADDITIONAL ASSUMPTIONS RELATING TO THE POWER PLANT

In order to obtain simple solutions, an idesl turbojet with perform-
ance independent of the velocityl is gesumed. Accordingly, having assimed
N = constant, thrust and fuel consumption depend sclely on the altitude.
The following analyticel represemtation ls preferred:

(a) Troposphere

T/Ty = oF = £1(2) (10)
a/gy = o = £5(2) (11)

(b) Stratosphere
T/Ty = a/ax = 0/oy = £3(Z) (12)

A statistical analysis of the performances of s number of turbojets
has proved the suitability of taking the following medium values

T =0.75 8 = 0.90 (13)
into considersation for the condlitions of climb,
They are only approximate and differ scmewhat from those defined by
Ashkenas (ref. 7) and Tifford (ref. 8) in previous studies where the

principal cbject was the study of the range performance of turbojet air-
planes.

L. ADDITIONAL ASSUMPTIONS RELATING TO THE AIRCRAFT

The aircraft drag polar is assumed to be parabolic
2
Cr = Cpy + Cp=frthe (14)

with coefficients Cro, e independent of the Mach number and the Reynolds
number. ' -

1p method for teking the dependence of T and g on the speed is
given at the end of the present report.
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Having sapproximasted the projectlion of the equation of motion on the

normal to the flight path with —

Q=P = 25 CpoSV2 B (15)
‘i’c follows that the aerodynamic resistance takes the form
R = % CrpSV2 = EoV2 + F/oV2 (16)
with
E = % CrofpS (17)
F = 20°/mhenoS (18)

5. OPTIMUM VELOCITY

Development of equations (3), (&), and (5) with the aid of (10),
(11), (12), and (16) results in the following sixth power equation

AV + B+ v +1 =0 (19)

The coefficients A, B, and C depend on the type of flight and alti-
tude, as well as on the characteristic parameters of the alrcraft and
the engine., Hence: : =

(a) Climb - minimm time

A =Eodo (20)
gF 4z
5. .3Bc o ar | : - (21)
F gF az -
czXo_1do - (22)
F go 4z .

A=g,ﬁ'[ld°-§iq] (23)
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5o 3EP Td[éﬂ-i‘m] (2h)
F gFjq 42 T 4z
C=&-£[&§E+EE&] (25)
F glodz ¢ dZ
(c) Steepest climb
A =Ed do (26)
2gF dZ
_ _E” _ o aT
B--E . & | (27)
C =1 4o (28)
2go dZ

The following variables are introduced:

(a) Ratio of minimm drag in straight horizontal flight to thrust

= Bpin/T = Q/TEpax (29)
(b) Speed in straight horizontal flight in attitude of maximum
efficiency
L[F | 2Q :
Vg = = _ 0)
" \/E°‘2 \ComeS ©

and the corresponding Mach number
ME = VE/S. (31)

These parameters or other derivatives of thelr combinations are
fundamental in the study of all flight performances of Jet aircraft
(refs. (&), (5), (15), and (14)). They allow for the basic aerodynamic
characteristics (ke, T ) wing loading, altitude of flight, and excess

of thruSt with respect to the minimum drag.
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T. OPTIMUM MACH NUMBER

The use of the results obtained in section 5 presents no conceptional
difficulties, but the calculations involve much paper work. Fortunately,
however, it 1s possible to effectuste considerable simplifications by
choosing the Mach number instead of the velocity as basic varisble and
introducing the fundamental parameters My and x.

Equations (10}, (11), and (12), and that of the standard atmosphere
give: ' — =

(a) Troposphere _ o -

ldo 14T _Ldg_ o (32)
cdz rTdZ s8gd2d T °
with —
e =L -1
= | (33)
(b) Stratosphere2 . -
ldo_1dT_13a__8 | (3k)
cdZ Tdz gqdZ - Rz
Furthermore, by defining
aR
m=1-— (35)
g

and bearing ln mind the expression of the velocity of sound and equations
(17), (18), (20), (21) . . . (35), equation (19) can be transformed into

A1M6 + B]_M4 + .Cle +1=0 (36)
with

Ay = 8a® = Ky Mgk (37)

20bvicusly equation (34) cen be obtained from (32) and (33) by putting
r=s=1and o = 0,
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By = Ba = KZ/MEL" + K3/xME2 (38)

Cp = Ce? = Kh/xMEE + K5 (39)
The factors Ky . . . K5 are represented in table 1.

Equation (36) as represented in figures 2, 3, 4, 5, 6, and 7, enables
a quick determination of the optimum Mach number (M) for a given type of
flight when the basic parameters Mz and x are known. The same graphs
also show the ratio (Y) of the Mach number that solves the question of
optimum allowing for accelerations, and that Mech number which will solve
the problem when the accelerations are disregarded. The latiter Mach num-

ber gives .
Mc=\/l+\/]3_x+ BXZME (40)

for the climb with minimum time and minimum fuel consumption, and
My = Mg (1)
for the steepest cl:I.m'b.3

To simplify the calculation of the optimum veloeclty distribution, the
functions ME/MEO = £(Z), x[x0 = £(Z) are reproduced in figure 8 and

tgble 2. They are defined

(a) Troposphere

Mg _ ¢=0.617 (k2)
Mg,
X 2 g0 (43)
X0
(b) Stratosphere
YE . 1.14950-5 ' (1)
MEo

3Tt is interesting to note that the equations (40) and (41) cen be
obtained as particular cases of (36), if the terms deriving from the pres-
ence of the accelerations are mede zero, thus by putting K; = K3 = Ks = 0.
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= = 0, O‘-l
o Tl (45)
It 1s appropriate to point out that, as far as the turbojet is con-

cerned, opbimum velocity or Mach mumber at a given altitude is influenced
primarily by the local value of the thrust and to a lesser extent by the
derivative of T and gq with respect to the altitude. Hence, it fol-
lows that whenever the exponents of the laws of variations of T and g
depart from the mean value (15), the results obtained can be considered
applicable in good approximation. Greater accuracy 1s obtained by deter-
mining the parameter x at different altitudes on the basis of (29)
instead of (43) and (45), and the effective values of the thrust which
can be read from the operating charts of the turbojet. - Therefore it is
advisable to use (43) and (45) (end fig. 8 and table 2) only when the
altitude performance is not known or when 1t is necessary to make a quick

prediction of a preliminsry project.

8. SPEED OF CLIMB

The clinbing speed is (ref. 19) _ L
V, = FgV 8in 8, = FoMa sin 8, (46)

In equation (h6), sin 6, indicates the path angle with accelerstions
neglected. Based on equations (16), (17), (18), (29), (30), and (31)

2 M )2
_r-r_zl _xlimi (¥
sin 8, = 3 _Ql 2<M) +(M (7

The factor of acceleration ¥y is the ratio of effective rate of
climb to that computed with accelerations discounted

F, = Vg _8in 8 _ L - (48)
2g 4z

From equation (48), together with the expressions giving the optimum
veloclty distributions, follows

F, = L = F(M, Mg) (49)

e )
‘]f(x’ Mg)
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with

o (x, Mg) (CJ_M)'" + CoM2)x + (03M2 + Ch_)MEE + Coitg (50)

u(x, Mg) = (Cgu* + c7M2)x + (cg? + Cq M2 + Cyoutg* (51)

The coefficlents R for tropospheric flight are given in
table 3. The values relating to s%ratospheric flight sre obtained from
those preceding by posting

m=r=5-=01

(52)

€ = ©

Equation (49) is plotted in figures 9, 10, 11, and 12 for optimum
climb with minimm time and minimm fuel consumption.

Tt should be noted that equation (49) contains as particular case,
the formulas of the accelerstion factors associated with the distributions
(40) and (41). Tt is sufficlent to put Cy = Cz = C5 = Cg = Cg = C1g =

9. NUMERTCAL APPLICATIONS

As a check on the actual advantages obtainsble from the use of the
deduced velocity distributions, the anaslysis is made on a numerical

example (case I).

Time, space, and fuel consumption connected with the optimum velocity
distributions are compared with the time, space, and consumption assoclated
with & certain number of arbitrary distributions.

Eight velocity distributions V = V(Z) are considered (fig. 13).
Each one includes two accelerated motions corresponding to the inltial
and final altitude and a center section of the f£light path along which
the function V = V(Z) is defined as follows:

(A) Distribution - minimm time (eq. (3)).

(B) Distribution - minimum fuel consumption (eq. (4)).

(C) Distribution - minimum distance flown horizontally (eq. (5)).

(D) Velocity distribution for maximm rate of climb at each altitude,
accelerations disregarded (eq. (40)).
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(E) Velocity distribution for meximum path angle at every altitude,
accelerations disregarded (eq. (&1)).

(F) Arbitrary distribution defined by Vigy,

396 + 21.0 Zy.

(@) Arbitrary distribution defined by Vigy = 650 + 1l.4 Zpo.- -

(B) Arbitrary distribution defined by Vi, = const. = 805. -

The characteristics of the alrplane in question are:

Q = 5000 kg Cro = 0.018

S =25 m Ty = 1680 kg -
A=5 gy = 0.606 ke/sec

e = 0.8

The theoretical ceiling is sbout 14,600 m., Thrust and specific fuel
cons tlon are supposed to vary with the altitude in accord with equa-
-t;ongmflo), (11), and (12). The dependence of T and @ on velocity i
Hisregarded in the present example. . . . :

The 1imiting conditions are
(1) Initial: Z = O km, V = 274 kmh.

(2) Final: 9.15 km, 10,769 km, 12.2 km, 13,7 km altitude, but the
same final speed (V = 805 km/h).

The principal numerical results are condensed in tables 4, 5, 6, T,
8, end 9. The basic conclusions are as follows: -

(a) Rate of climb - minimum time.- The relative and absolute impor-
tance of using the new unsteady distribution A instead of the old steady
distribution D Increases with the finagl sltitude. The gain in time is
merely 3.4 seconds (0.57 percent) for s climb to 9.15 km, but 116.5 sec-
onds (7.64 percent) for a climb to 13.7 km. These figures are in agree-
ment with those obtained by Lush (ref. 17).

It should be noted that the distribubion A 1s better than D in the
overall sense but not in the partial. Thus teble 8 shows, for example,
that an airplane in flight using distribution A recovers during the
accelerated horizontal phase of motion the time lost at final altitude
with respect to distribution D during the other phases of flight.
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(b) Rate of climb - minimum fuel consumption.- The qualitative con-
clusions are identical with those for minimum time, bubt the advantages
accruing from using unsteady distributlon B instead of D are less (the
saving in fuel for a 13.7 km climb is 2.5 percent).

From the practical polnt of view, it is interesting to note the pos-
sibllity of obtaining & good compromise between the necessity of a climb
in minimm time and climb with minirmum fuel consumption.

(c) Steepest climb.- A compasrison of the umsteady solutions (C) with
the steady (E) for this kind of flight yilelds conclusions similar to those
obtainable for the clinmb in minimm time.

10. CRITICAL REMARKS REGARDING THE OBTAINED SOLUTIONS

(a) Variation of thrust and fuel consumption with the altitude.~ The
mean values of r{0.75) and s(0.90) involved are merely epproximate.
Nevertheless, the writer believes that the practical divergence of r and
s from the assumed values have a negligible effect on his results, if the
advice given at the end of section T is taken,

(p) Compressibility effect.- The foregoing formulass were deduced
while disregarding the dependence .of the serodynamic parameters of the
aircraft (Cr s e) from the Mach number. In consequence, they apply when

0

the Mach number of £light is lower than the critical Mach number corre-
sponding to the 1lift coefficient known from the condition of flight in
question. From the qualitative point of view, it is permissible to pre-
dict that the compressibility tends Ho produce an approach between the
unsteady and the corresponding steady distributions. However, they
reduce the advantages obtainsgble by the use of the new flight techniques.

(c) Discontinuities in the solution at the tropopause.- The equabions
defining the optimum velocity have two solutions representing the tropo-
pause (ref. 19). One 1s the terminal velocity of the tropospheric flight,
the other is the initial veloclty of the stratospheric flight. It can be
proved analytically that stratospheric flight is always greater than the
tropospheric at Z = Z,.

(d) Comparison of steady and unsteady solutions.- The figures 2, 3,
4, 5, 6, T, and 13 prove that the optimum velocity obtained by the present
analysis is, in general, greater than those obtained by s "steady" analy-
sis, In the case of the climb with minimm fuel consumption, the results
mey be not as good (low altitude, x < 0.379).

(e) Effect of the accelerations on the speed of climb.-~ The figures 9,
10, 11, 12, and table 9 (example treated in section 9) show the need for
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including the accelerations in the evalustion of the climb performance.
The significance of this concept Increases with increasing altitude,
especially in the stratosphere.

(f) Dependence of the turbojlet performence on the altitude.- The
_ aspect of an ideal bturbojet with performance independent of V was basic
to the effects of obtalning easily usable results. Whenever it is desired
to include the changes in T and q, 1t is advisable to proceed in the
following approximate manmer., Reference is made to the climb with mini-
mum fuel consumption which is the type of flight for which this note can
be of particular interest. The other cases are treated by analogy.

The optimum velocity is cobtalned:

(1) by compubing the steady solution, that is, the velocity which
solves -

_?_’_[Tl_ﬂ] o (53)
ov qa

The dependence of T and q on V is considered.
(2) by multiplying the preceding velocity by the factor

Y = V/Ve = MM = £(x, Mg) (54)

which allows for the accelerations and can be deduced from figures k
and 5.

(g) Effect of change of airplane mass on climb performance.- The
foregoing results were obtalned by considering an airplane of constant
ideal mass; however, due to the fuel consumption, a correction can be
applied at some sultable time., The accelerations and mass changes of
the aircraft ordinarily exert opposite but noncompensating effects on
the flight performance. At low altitude, the effect is unfavorable due
to the accelerations, At high altitude, the effect is the opposite. In
particular, the theoretical ceiling is higher than computed by assuming
Q = const. It is somewhat difficulit to study the conditions of the opti-
mum when the changes of Q are involved; however, fortunately a satis-
factory solution from the point of view of modern engineering practice
can be obtained by proceeding iteratively (ref. 19) as follows:

(a) Compute in first approximation the fuel consumption for Q = const.

(b) Determine the instantaneous weight of +the airplane et various
altltudes.

(c) Introduce the optimm velocities and the climb velocity corre-
sponding to the instanteneous values of Q in the equations.
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The convergence is very rapid. Two attempts are sufficient. The
principal conclusions are as follows: The mass changes of the aircraft
due to the consumed fuel produce an increase of V3, and a decrease in

the optimum veloclty relative to the computed values on the basis of

Q = const., the first effect (on Vz) having the greatest relative sig-
nificance. It is readily apparent on the calculation of the alrplane of
section 9 and the climb in minimum time. (Compare taeble 10.)

11. CONCLUSIONS

The principal results can be summed up as follows:

(1) The problem of the turbojet aircraft relative to the velocity
distribution V = V(Z) is solved, It results in certaln initial condi-
tions and prescribed final conditions with minimm time, minimum fuel
consumption, and minimum flown horizontal distance.

(2) When the mass changes of the airplane due to the consumption of
fuel, the curvature, and squares of the path angle are disregarded, the
optimm technique of flight ylelds two terminal flight paths depending on
the limiting conditions and a central path along which the velocity dise-
tribution is defined by equations (3), (&), and (5).

(3) In flight case I (acceleration and climb at low speed and low
altitude at high speed and high altitude) and under the restrictive con-
ditions imposed on the flight path to remain within the area of the space
limited by the horizontel planes corresponding to the extreme altitudes,’
the two foregoing terminsl paths are two paths to be flown in level hor-
1zontal flight.

(%) The optimum velocity distributions along the central path flown
at variable altitude are defined by equations of the sixth power, pro-
vided the polar is assumed parabolic and the operation is carried out &t
constant number of revolutions with an ideal turbojet of performesnce inde~
pendent of the veloecity.

(5) It is advisable to sssume the Mach number of velocity as funda-
mental variable, since the solutions obtained will then be dependent
solely on two parameters: +the Mach number corresponding to rectilinear
horizontal flight In position of meximm efficiency and the minimum drag
to thrust ratio. Graphs are supplied for each case which permit a quick
calculation of the optimum Mech numbers and of the effect of the acceler-
atlons on the speed of climb.

(6) Climb - minimum time.,- The optimm velocities are always greater
than those obtained from a "steady" analysis. The relstive difference
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may reach up to 20 percent in the stratosphere. The acceleratlons can
reduce the climbing speed up to 20 percent in stratospheric flight.

(7) Climb with minimum fuel consumption.- The optimum velocities for
stratospheric flight are always greater then those cbtalnable with the
accelerations disregarded. In tropospheric flight, they can be less at
low altitudes (x < O. 379; T > 2,64 Rmin). The accelerations can reduce

the rates of clinb by as much as 30 percent in the stratosphere. -

(8) Steepest climb.- The optimm velocities are always greater than
those obtained by "steady" analysis. The difference may amount to as
much a8 30 percent in the stratosphere., The effect of the accelerations
on the speed of climb is more severe than in the preceding cases.

(9) The validity of the foregoing resulits is subject to a check that
the Mach number of flight is lower than the critical Mach number corre-
sponding to the 1ift coefficient relating to the conditlons in question.
The compressibllity hes an unfavorable effect on the climb performance.
More particularly, an approach between the new unsteady distributions and
the old steady distributions produces a decrease of the advantages obbtain-
able through the use of the new techniques of flight. .

(10) In the troposphere, the solutions are discontinuous. Corre-
sponding to such altitude, it 1s necessary to accelerate the gircraft
from its terminal velocity of tropospheric flight to the initial velocity
of stratospheric flight, if the optimum climbing performances are to be
obtained.

(11) The changes in silrplsne weight due to fuel consumption are taken
care of by a correction applied to the second aspproximstion. In conse-
guence, the climbing speed 1is incressed and the velocity on the path
reduced with respect to the values computed for @ = const.

(12) The following concepts are determined by way of en exsmple on’
a typical Jet fighter: -

(a) The relstive and absolute signlfilcance of using the optimum
flight path deduced from that obtalned by dlsregarding the increased
accelerations with increasing final altitude for every case of f£flight.

(b) As far as the clirb in minimm time is concerned, the new unsteady
solution, compared to the corresponding steady solution, makes i1t possible
to save 7.6 percent of the total time (about 2 minutes) in a final climb
to 13.7 km.

(c) A good compromise can be reached between the necessity of climb -
in minimm time and e¢limb with minimm fuel consumption.
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APPENDTX

JUSTIFICATION OF THE ASSUMPTIONS USED IN THE DEDUCTION
OF THE OPTIMUM VELOCITY DISTRIBUTIONS

(1) Climb - Minimum Time

In ordinary mechanics of flight, the optimum velocity for the climb
is deduced like that for maximsl velocity with accelerations disregarded.
Additional assumptions are usually adapted which consist in disregarding
the squares of the path angles in the projection of the equation of motiom
on.th? n;rmal o the flight path; however, it is added to the steady solu-
tion (40).

The climbing speed computed on the basis of these assumptions and of
the velocity on the flight path defined by (40) is affected by errors
which are reflected in the evaluation of the time of c¢limb and the con-
sumption of fuel. These errors included in the calculation of V; are
itemlized so as to show their absolube and relative significance. We shall
onit detalls of the lengthy calculetions based on the steady distribu-
tion (40) end on the assumptions used in the course of the work. Only
the results are given here. The errors are given in relative form and
referred to velocity Vzy.

(a) Error due to disregard of tengential accelerations.- It is
expressged by

Vz = Vzu 1
=—=—===Fg - 1=~
- Vzu & 1+X (55)
with
6xe .
X =
Km(g - r)(1 + &)Mg2 (troposphere) (56)
X = 252 (stratosphere) (57)
KxM

g =V1 + 3x2 (58)

This error increases in ratio to the altitude and reaches its highest
velue in correspondence with the theoretical ceiling (x = i, & = 2)
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. 1 ‘
€. = -
t 1+ 4;KME2 ) ) (5??
From (59), it follows that the omission of the tangential accelera-
tions can result in érrors up to 20 percent of the climbing speed at
altitudes near the ceiling.

(b) Error due to disregerd of centripetal accelerations.- Troposphere

~  2F a0y o Zmr(2 - 1)Mg?
CTTER @ T T 3mPgy (60)
stratosphere
- 2 .
e = 2K(2§ l)ME (61)
3XEEC 0y ' L

This error increases with the altitude and reaches " its highest value
in correspondence to the theoretical ceiling height

- KME2 _ - ' (62)

It 1s easily checked that 1s usuaslly below 0.005.

€c

(c) Error due to dlsregard of squares of the path angles:

e lm. b 2ot (63)

T QaVed  Eopax 1 - €

This error, unlike the other two, assumes greabter significance at low
altitude where the thrust is high. In the ideal limiting case, x—>0,
£E—>1, it results in . : -

— - 6l
€0 2E2max = ( l_

This formule produces much smaller errors than those given by Lush in
reference (17) which are too conservative. Ordinarily, e€g < 0.00L.

(4) Conclusions.- The application of the preceding formulas to modern
jet aircraft shows that the error due to omission of the tangential accel-
erations is from 10 to 60 times greater than the total error due to dis-
regarded centripetal accelerations and the squares of the path angle.
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These statements Jjustify the followlng conclusions: Of the classi-
cal assumptions made on the basis of the "steady” analysis of optimum
conditions of Jjet airplane climb, the only one that gives rise to any
apprecigble effective error is that concerning the tangential accelera-
tions. BHence, if the conditions of the optimum are anslyzed while
continuing to disregard the curvatures and the squares of the path angles
but including the tangential accelerations, it must necessarily lead to
more satisfactory results from the point of view of appllicaetions in
engineering. In consequence, the assumptions leading to equation (3)
remain Justifiable.

(2) Climb - Minimum Fuel Consumption

Considering that the optimum distribution for the rate of climb with
minimm consumption does not differ much from that of the minimm time,
the consideratlons discussed in point (1) of the appendix are quatita-
tively applicable to this case of flight and the usé¢ of equation (%) is
Justified.

(3) Steepest Climb

The velcelty distribution of the path angle computed while dis-
regarding the accelerations and posting cos 8 = 1 in the projection
?f ?he equation of motion on the normal to the flight path is defined by
41

The errors introduced in the calculation of thé clinbing speed as
a result of the classical assumptions are the following. They are
expressed in relstive form and referred to Vg, this time computed on

the basis of the distribution (hl)

(a) Error due %o disregard of tangentisal accelerations.- Troposphere’

1
stratosphere |
€ = = —m—— | 66
l+2/KME2 _- ’ ( )

(p) Error due to disregerd of centripetal accelerations.- Troposphere
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KmrMg® -
® oy
stratosphere
mex ~

(¢) Error due to assuming cos 6 = l:

= kL
ot
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(67)

(68)

(69)

A number of applications to modern turbojet alrcraft has proved
that the proportion of the error due to tangential accelergtions is from
2 to 100 times greaster than the combined error due to exclusion of cent-

ripetal acceleratione and the squares of path angles.

The mode of calculatlion on which equation (5) is based remains
applicable to high altitude as well as to low altitude, if the ratio
thrust weight is not excessive., This is confirmed by the foregoing
results and alsoc by the study of the errors as & result of having assumed
sin 6 2 tan 6 in the projection of the eguation of motion on the tangent

to the flight peth.

Translated by J. Vanler
National Advisory Committee
for Aeronautics
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Clinb - minimum time

Clinb - minimm fuel consumption

Steepest climb

Coefficients

Troposphere | Stratosphere Troposphere | Stratosphere Troposphere] Stratosphere
Ky o o 0 o Km X K(s ~ L)m 0 Xmfo X/2
]{2 [ 2 I B I ] "5 -3 _5 -—3 "‘J. -l
LOR 2Krm 2K Km(r - s) 0 Krm K
Kiy o o v o 2 2 2 2 0 0
K5 ¢ o 0o s Xm K Km(e + 1) 2K Xm/? K/f2

68T WL VOVN
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TABLE 2.- VALUES OF THE FUNCTIONS ME/MEO AND  x/xq

Zym Mg Mg, Xfxo
0 1.000 1.000
2 1.129 1.159
)3 1.282 1.352
6 1.465 1.591
8 1.687 1.888
10.769 2.077 2.43%2
12 2.288 2.950
1L 2.676 L,035
16 3.130 5520
18 3,661 T.551
20 4,281 10.331




TABLE 3.~

COEFFICIERTS FOR COMPUTING THE ACCELERATION FACTOR Fy - TROPOSPHERE

6R5T WL YDVN

Coefficient

Cilirb - minimum time

Climb - minimm fuel consumption

Steepest Climb
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TABLE %.- OPTIMUM VELOCITY DISTRIBUTIONS FOR CLIMBING FLIGHT
Optimum Msch numbers
Zym Mg x=Q /Emax Rate of Climb
Minimum time | Minimum consumption | Steepest
0 0.240 0.225 0.439 o.h1T 0.255
3.05 .290 .282 480 L5k 311
6.10 <355 <361 531 .501 . 384
9.15 Ll 470 600 .569 A8y
10.769| .500 SUT .650 615 - - <553
10.769| .500 ShT .688 643 .599
12.2 .559 .68k <715 .683% 661
13.7 .630 .869 « 750 .T40 .T3%6
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TABLE 5.~ TIME NECESSARY TO ACCELERATE AND CLIMB (sec)

Fingl altitude, km

Velocity distribubtion
9.15 | 10.769 | 12.2 13.7

.......... 597.5 | 755.0 | 976.9 | 152L.3
.| 601.0| T60.0] 985.2| 1533.h4
.| 70L.2 | 873.6 |1106.6 | 1663.7
.| 600.9] T760.81 999.81} 1637.8
o| Th7.2| 937.1|1219.6 | 1938.9
.| 625.0| T787.7(1032.3 | 1692.8
.| 648.0] 8L7.4 | 1042.0 | 1594.0
.......... 927.8 | 1117.1 | 1349.1 | 1901.5
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TABLE 6.~ FUEL CONSUWMPTION (kg) REQUIRED TO ACCE’LERATE AND CLIMB

Final altitude, km

Veloclty distribution
9.15 10.769| 12.2 13.7

A v v o o o o e« o | 226.1 | 259.0 298.1 | 375.7
B i v ot o o e oo 224k.9 | 257.4 295.9 | 372.7
C o o o oo oo o o 257.0 | 291.3 330.2 | 40T7.7
D e v o e o oo e« « | 225,0 | 257.6 296.9 | 382.1
E v o o o o o o a oo 271.8 | 309.3 354.8 | 449.8
F i e e e e e s e 231.0 | 263.9 303.9 | 391.7
G v o o v o o o oo 256.0 | 293.5 334.3 | Lihk.L
Hue v o v o o v o oa 395.6 | 438.9 183.9 | 56k4.6
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TABLE T.- BORIZONTAL DISTANCE FLOWN (km)

Veloeity distribution

Final altitude, km

9.15 10.769| 12.2 13.7
A e v ¢ ¢ o o o s s @ 100.5 | 130.2 176.6 | 295.3
B e o o o o o o o o a 96.9 | 125.6 170.5 | 287.k
C e v e o s « o oo . 90.5 | 118.2 162.9 | 280.2
Do o e o o o o o oo 97.1 | 125.4 170.2 | 295.8
E e o o oo o o oo 91.0 | 119.1 166.8 | 302.k
Fueweoo . 92.6 | 120.6 165.6 | 294.1
G e o o o oo oo« | 124,8] 160.7 209.k | 331.8
5 202.0 | 2h4.3 296.2 | Li9.

31
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TABLE 8.- COMPARISON OF UNSTEADY DISTRIBUTION AND STEADY DISTRIBUTION
FOR MINIMM TIME* - ACCELERATION AND CLIMB FROM Z = O,
V=274 km/h T Z=13,7km, V = 805 km/h -

TOTAL AND PARTTAL TIME (sec)

Velocity distribution
Branch of path (fig. 13)
A D

Horizontal f£flight accelerated to
Z =0 4 o o o 9 s 8 s o 8 e s o s 31l.3 28.4

Horizontal flight accelerated to
Z = 10,769 K v o « o « o o o o o o 72157 AR —

Horizontal flight accelerated to
Z=13.TK0 . ¢« o o o« ¢« s « ¢ & o & 22.1 339.5
CLIMD o o o o o ¢ o o o o s « o o o o 14k2.8 1269.9
Totel time « « o o o o o o o o o 1521.3 1637.8

ll'L:I.m:l.'t;ed. to unsteady (steady) distribution minimum time with
V = V(Z) which solves the problem of the optimum with tangential
accelerations included (disregarded).
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TABLE 9.- ACCELERATION FACTORS F, FOR SOME TYPICAL

VELOCITY DISTRIBUTION

Rate of Climb
Altitude,
km Minimum time, | Minimm fuel consumption, | Steepest,
A B c
O v v o o @ 0.963 0.970 0.962
3.05 « o 954 .961 95
6.10 .938 ~OLl .918
9.15 . . .909 .91k 875
10.769 .« . .887 .886 843
10.769 . . .915 .880 .815
12.2 . « & .885 837 .78k
13.7 .8l LTT6 «TU5

33
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TABLE 10.- RATE OF CLIMB - MINIMUM TIME - COMPARISON OF THE VALUES OF
OPTIMUM VELOCITY AND RATE OF CLIMB COMPUTED BY ASSUMING
Q = CONST.(V, Vz) WITH THOSE DEFINED BY CONSIDERING
THE CEANGE IN WEIGHT OF THE AIRPLANE DUE TO FUEL

CONSUMPTION (V', V')

Z! v) V'J VZ! v'Z’
km km/h km/h n/s m/s
o] 5372 53T.1 28.6 28.7
3.05 567.0 566.5 22.6 23.0
6.1 604.8 603.5 17.0 17.7
9.15 655.3 652.1 11..6 12.5
10.769 690.1 685.1 8.9 9.8
10.769 733.9 728.9 8.7 9.6
i2.2 760.6 752.5 4.8 5.8
13.7 799.5 785.5 1.2 2.3
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Figure 1.- Distribution of optimum velocity for minimum time climb;
casel, Z1 £ Z < Za.
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Tigure 2.- Optimum Mach number for minimum time climb (troposphere).
The lower scale of Mg is used to determine M = f(x, MEg); the upper
scale of Mg for Y =M/M =£(x, Mp).



NACA TM 1389 ' 37

TGV

YAV VAV / N
/‘/ AV %//i//\/ 1.08‘\\
// ///jf/{(j/(/ \1.1:9_\\ A
A L Y
//%/YM 1.24>> ~ \?\\

02 <

0.3 0.4 0.5 M 0.6 og
—e VE

Figure 3.- Optimum Mach number for minimum time climb (stratosphere).
The lower scale of Mg is used to define M =f(x, Mg); the upper for
Y =M/M = f(x, Mp).
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Figure 7.- Optimum Mach number for steepest climb (stratosphere).
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Figure 12.~ Acceleration factor Fg = f(M, M) for climb of minimum
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climb of minimum consumption read from figure 5.~
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